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Two Tasks 



Activity 

•  Take a few minutes to think about the two 
tasks. 

•  Think about how you solved each task.  What 
knowledge did you draw upon in solving 
them? 

•  If time remains, talk to a neighbor. 



Two Tasks 



Types of Knowledge 

•  Common content knowledge (CCK) 
•  The knowledge commonly taught in school and used 

in life. 
•  Specialized content knowledge (SCK) 
•  The knowledge that teachers need, not because they 

teach it to students but because it serves as the 
foundation for common content knowledge. 

•  Pedagogical content knowledge (PCK) 
•  The knowledge at the intersection of the content and 

students’ thinking. 

Hill, Ball, Schilling  



Types of Knowledge: Examples    

•  Common content knowledge (CCK) 
•  Evaluate and understand the meaning of 12 ÷ 3. 

•  Specialized content knowledge (SCK) 
•  Write a real-life story problem that could be 

represented by the expression 12 ÷ 3. 
•  Pedagogical content knowledge (PCK) 
•  How might children think about the problem you 

wrote? 

Hill, Ball, Schilling  
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STEP Participant Groups  
(30+ per group)	  

Prospective Teachers  Undergraduates enrolled in a first 
(PST)  mathematics-for-teachers content  

 course 
Initial Participants  0 years of  sustained professional  
(IP)  development 
Advancing Participants  2 years of  sustained professional 
(AP)  development 
Emerging Teacher Leaders  At least 4 years of  sustained  
(ETL)  professional development and  

 some minimal leadership activities 
Strong Mathematics Students  STEM students, with no teaching 
(SMS)  intentions, enrolled in upper– 

 division mathematics courses  

K
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Mathematical Understanding  
in the Andrew Task  

Score Evidence shown 

0 No evidence of mathematical understanding 

1 
Primarily procedural knowledge; none-to-minimal 
evidence of conceptual understanding  

2 
Procedural knowledge and conceptual understanding 
evident 

3 
Strong procedural knowledge and conceptual 
understanding evident; justification incomplete 

4 
Strong and related procedural knowledge and conceptual 
understanding evident; justification complete 



Andrew and Ones Tasks 
Which score for which group? 

Group Andrew Ones 

PST ? ? 

IP ? ? 

AP X X 

ETL ? ? 

SMS ? ? 

1.48 
1.69 
2.53 
2.56 

0.31 
0.97 
1.58 
2.72 

Each response was 
scored on a 5-point 
scale (0–4).  



Andrew and Ones Tasks 
Group Andrew Ones 

PST 1.69 ? 

IP 1.48 ? 

AP X X 

ETL 2.56 ? 

SMS 2.53 ? 

Each response was 
scored on a 5-point 
scale (0–4).  

1.48 
1.69 
2.53 
2.56 

0.31 
0.97 
1.58 
2.72 



Andrew and Ones Tasks 
Group Andrew Ones 

PST 1.69 0.31 

IP 1.48 ? 

AP X X 

ETL 2.56 2.72 

SMS 2.53 ? 

Each response was 
scored on a 5-point 
scale (0–4).  

1.48 
1.69 
2.53 
2.56 

0.31 
0.97 
1.58 
2.72 



Andrew and Ones Tasks 
Group Andrew Ones 

PST 1.69 0.31 

IP 1.48 1.58 

AP X X 

ETL 2.56 2.72 

SMS 2.53 0.97 

Each response was 
scored on a 5-point 
scale (0–4).  ?	   ?	  Surprised?	  



Findings 

•  We posed eight tasks to the participants. 
•  On six tasks, the SMSs performed as well 

as the ETLs.   



A Second Problem on Which SMSs 
Struggled 

Please provide solution strategies—as many as 
you can—that you might expect children to use 
to solve the following problem:  

Pablo read 15 pages of his library book on 
Saturday.  The book has 32 pages.  How many 
pages will he have to read on Sunday to finish 
his book? 



Ones Task 

Whereas	  SMSs	  cannot	  answer	  most	  tasks,	  such	  as	  the	  Andrew	  Task,	  without	  grappling	  
with	  the	  meaning	  of	  the	  dash	  2,	  they	  could	  answer	  the	  Ones	  Task	  in	  a	  purely	  
calcula?onal	  way	  without	  grappling	  with	  the	  place-‐value	  ideas	  embedded	  in	  the	  task.	  	  
So,	  for	  example,	  they	  see	  the	  1	  in	  	  Problem	  A	  as	  a	  1	  added	  to	  the	  5	  and	  3,	  and	  they	  see	  
the	  1	  in	  Problem	  B	  as	  a	  10	  that	  creates	  12	  from	  which	  3	  is	  subtracted.	  	  By	  the	  way,	  this	  
task	  presents	  implica?ons	  for	  those	  of	  us	  teaching	  college	  students:	  To	  have	  students	  
grapple	  with	  underlying	  concepts,	  at	  least	  ini?ally,	  constrain	  the	  tasks	  so	  that	  they	  
cannot	  be	  answered	  without	  unpacking	  the	  meanings.	  



Findings 

•  The SMSs scored as well as the ETLs on 
the other six tasks. 
•  Does that show that they hold the same 

Mathematical Content Knowledge? 



The Land of SCK 

How do people reach the land of 
specialized content knowledge? 

Does the path one takes to get to SCK have 
implications for teaching?    



The Land of SCK 

A Mathematical Road 
to SCK 

A Road to SCK Through 
Children’s Mathematical 

Thinking  
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Ways	  of	  Reasoning	  (WoR)	  

Solve	  the	  following	  and	  remember	  how	  
you	  thought:	  

•  -‐2	  +	  ☐	  =	  4	  

•  -‐5	  +	  -‐1	  =	  ☐
•  5 – ☐= 8	  



Teachers’	  Approaches	  to	  Integer	  Tasks	  

Teachers	  possess	  these	  rich	  ways	  of	  reasoning	  
(WoR)	  about	  integers.	  	  

They	  are	  

•  Able	  to	  flexibly	  apply	  WoR	  and	  	  

•  Able	  to	  analyze	  problems	  and	  strategically	  
combine	  WoR.	  



Kalani:	  	  	  	  	  	  	  	  -3 – ☐ = 2	  
First,	  Kalani	  thinks	  of	  moving	  from	  -‐3	  to	  2,	  as	  if	  the	  
number	  sentence	  were	  -‐3	  +	  x	  =	  2.	  
“So	  I	  am	  thinking	  about	  the	  number	  line	  ….	  So	  I	  am	  
star?ng	  somewhere	  …	  and	  what	  do	  I	  do	  to	  end	  up	  
at	  posi?ve	  2?	  I	  am	  moving	  1,	  2,	  3,	  4,	  5––five	  units	  to	  
the	  right.”	  	  

Second,	  Kalani	  accounts	  for	  the	  subtrac?on	  sign.	  
“I	  am	  moving	  the	  opposite	  direc?on	  [because	  of	  the	  
subtrac?on	  sign],	  so	  I	  would	  write	  down	  nega?ve	  5	  
here.”	  	  



Pedagogical	  Goals	  

Procedure	  Only	  
•  Stated	  rules	  clearly	  	  
•  Expected	  students	  to	  prac?ce	  rules	  and	  
demonstrate	  their	  use	  	  

“They	  would	  all	  do	  that	  or	  they	  would	  get	  it	  wrong.	  I	  
call	  my	  classroom	  “Smithsville,”	  and	  you	  do	  it	  the	  
Smiths	  way.”	  	  



Pedagogical	  Goals	  

Procedure	  Only	  
•  Stated	  rules	  clearly	  	  
•  Expected	  students	  to	  prac?ce	  rules	  and	  demonstrate	  

their	  use	  (Smithsville)	  

Procedural	  With	  Conceptual	  
•  Professed	  valuing	  conceptual	  understanding	  but	  were	  

unable	  to	  explicate	  what	  that	  might	  entail.	  	  	  
“I	  want	  them	  to	  reason	  through	  it	  as	  much	  as	  they	  can.	  
They	  need	  to	  know	  that	  there	  is	  some	  other	  reason	  
[beyond	  the	  rule].”	  	  
“…	  just	  kind	  of	  picture	  it	  in	  their	  head.”	  	  
“…	  have	  a	  good	  understanding	  of	  what	  posi?ves	  and	  
nega?ves	  mean.”	  	  



Pedagogical	  Goals	  

No	  rela?onship	  was	  found	  among	  teachers	  
between	  their	  	  	  
a)	  flexibility	  /robustness	  of	  reasoning	  and	  	  
b)	  stated	  pedagogical	  goals.	  



Pedagogical	  Goals	  

•  Did	  we	  expect	  teachers	  to	  men?on	  ways	  of	  
reasoning	  as	  goals	  for	  instruc?on?	  	  	  

•  No!	  	  	  
•  Did	  we	  expect	  teachers	  to	  apply	  ways	  of	  
reasoning?	  

•  We	  did	  not	  know	  what	  to	  expect.	  

•  Did	  they	  apply	  ways	  of	  reasoning?	  
•  Yes!	  



Interpre?ng	  Student	  Thinking	  
Grade	  4	  	  	  	  	  -‐5	  +	  -‐1	  =☐	  

•  “Minus	  5	  plus	  minus	  1	  equals	  minus	  
something	  …;	  5	  plus	  1	  equals	  6,	  so	  this	  is	  
minus	  6	  ….	  If	  you	  add	  these	  two	  together,	  it	  
makes	  it	  farther	  from	  the	  posi?ve	  numbers.”	  



Interpre?ng	  Student	  Thinking	  
Grade	  4	  	  	  	  	  -‐5	  +	  -‐3	  =☐	  

•  “Minus	  5	  minus	  minus	  3	  equals	  something.	  
It	  would	  probably	  be	  something.	  	  It	  would	  
probably	  be	  minus	  2	  because	  if	  you	  add	  …	  .	  	  If	  
you	  use	  addiBon	  with	  this,	  it	  would	  be	  
farther	  from	  the	  posiBve	  numbers,	  so	  if	  you	  
do	  the	  opposite,	  it	  should	  be	  closer.”	  



Interpre?ng	  Student	  Thinking	  

•  	  	  



Interpre?ng	  Student	  Thinking	  

•  	  	  



Interpre?ng	  Student	  Thinking	  

CorrelaBon?	  

Teachers’	  Ways	  of	  	   	   	   	  	  	  	  	  	  	  	  	  	  Pedagogical	  
	  	  	  	  	  	  	  Reasoning 	   	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Goals	  

	  	  	  	  	  Pedagogical	  	   	   	   	   	  	  	  	  	  	  	  	  	  	  InterpreBng	  
	  	  	  	  	  	  	  	  	  	  Goals 	   	   	   	  	  	   	  	  	  	  	  	  	  	  	  	  Student	  Thinking	  

No	  

Yes	  



Professional	  No?cing	  of	  Students’	  
Mathema?cal	  Thinking	  

•  Akending	  
•  Interpre?ng	  
•  Deciding	  how	  to	  respond	  



Specialized	  Content	  Knowledge	  
•  What	  is	  specialized	  content	  knowledge	  (SCK)?	  
SCK	  is	  mathema?cal	  knowledge	  that	  teachers	  hold	  
that	  they	  do	  not	  explicitly	  teach	  but	  that	  enables	  
them	  to	  effec?vely	  teach	  their	  students.	  

•  SMSs’	  knowledge	  of	  Andrew	  Task	  

•  7th-‐grade	  teachers’	  knowledge	  of	  integer	  reasoning	  



Discussion 

A Mathematical Road 
to SCK 

A Road to SCK Through 
Children’s Mathematical 

Thinking  



Brian	  solves	  	  -9 + x = -4 	  

“Because	  I	  saw	  the	  nega?ve	  4	  and	  I	  know	  
nega?ve	  9	  is	  smaller	  than	  nega?ve	  4,	  so	  I	  knew	  it	  
had	  to	  be	  posi?ve.	  …	  So	  how	  do	  you	  go	  from	  9	  
to	  4?	  You	  have	  to	  subtract	  5.”	  	  

Although	  to	  us	  Brian	  seems	  to	  be	  using	  
reasoning,	  he	  repeatedly	  asserts	  that	  he	  is	  using	  
underlying	  rules.	  


